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globally convergent, homotopy methods, polynomial systems, probability-one, zero

1. INTRODUCTION

Tw o decades ago an introdu ction to a paper on homotopy methods w ou ld

have had to ju stify w hy homotopy methods w ere being considered at all,

offer apologies for the inefficiency of homotopy methods relative to locally

convergent methods su ch as q u asi-N ew ton, and carefu lly circu mscribe the

potential applicability and advantages of homotopy algorithms. N ow , after

hu ndreds of significant applications ranging from aircraft design to statis-

tical parameter estimation, reasonable theoretical development, and sev-

eral notable attempts at algorithm and code development, su ch prefatory

remark s seem u nnecessary. I n some application areas— analog circu it

simu lation, link age mechanism design, geometric (C A D /C A M ) modeling,

H2/H` controller analysis and synthesis— homotopy methods are now the

method of choice. I n mechanism design, for instance, w here all solu tions

mu st be fou nd, there is no other viable alternative to homotopy methods.

S u rveys of homotopy methods and applications are by W atson [19 8 6 ; 19 9 0]

and most recently the book by A llgow er and G eorg [19 9 0], w hich contains

an ex traordinary collection of references on both simplicial and continu ou s

homotopies. The distinction betw een continu ation, homotopy, and probabil-

ity-one homotopy methods is freq u ently blu rred in the literatu re, bu t there

are fu ndamental differences, w hich are detailed by G e et al. [19 9 6 b]. The

efficiency issu e is now moot, since good implementations of probability-one

homotopy algorithms are competitive w ith q u asi-N ew ton methods in raw

C P U time, and the grow ing emphasis on softw are engineering and produ c-

tivity argu es that the hu man time lost in finding good starting points and

nu rsing locally convergent methods to physically meaningfu l solu tions is

far more valu able than the ex tra C P U cycles a globally convergent homo-

topy algorithm might tak e. S eriou s compu ter code development has oc-

cu rred, some ex amples being C O N S O L [M organ 19 8 7 ], C O N K U B [M ejia

19 8 6 ], P I TC O N [R heinboldt and B u rk ardt 19 8 3 ], F I X P T [W atson and

F enner 19 8 0], and H O M P A C K [W atson et al. 19 8 7 ].

The basic theory of globally convergent probability-one homotopy algo-

rithms w ill be su mmarized here for fu tu re reference, draw ing from the

resu lts of C how et al. [19 7 8 ] and W atson [19 7 9 a; 19 7 9 b; 19 7 9 c; 19 8 0a;

19 8 6 ]. The theoretical fou ndation of all probability-one globally convergent

homotopy methods is given by the follow ing definition and theorem from

differential geometry.

De fin it io n 1.1. L et U , R
m and V , R

p be open sets, and let r : U 3

@0,1! 3 V 3 R
p be a C2 map. r is said to be transversal to zero if the

J acobian matrix Dr has fu ll rank on r21~0!.

TH E O R E M 1.2 (TR A N S V E R S A L I TY ). I f r~a, l, x! is t r an s v e r s al t o z e r o , t h e n

fo r almo s t all a { U t h e map

A lg o rith m 7 7 7 : H OM P A CK 9 0 • 5 15
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ra~l, x! 5 r~a, l, x!

is als o t r an s v e r s al t o z e r o , i.e ., w it h pr o b ab ilit y o n e t h e J ac o b ian m atr ix

Dra~l, x! h as fu ll r an k o n ra
21~0!.

T o s o lv e t h e n o n lin e a r s y s t e m o f e q u a t io n s

f~x! 5 0,

w h e r e f : R
p
3 R

p is a C2 m a p , t h e g e n e r a l p r o b a b ilit y -o n e h o m o t o p y

p a r a d ig m is t o c o n s t r u c t a C2 h o m o t o p y m a p r : U 3 @0,1! 3 R
p
3 R

p

s u c h t h a t

(1) r~a, l, x! is t r a n s v e r s a l t o z e r o ,

a n d fo r e a c h fix e d a { U,

(2) ra~0, x! 5 r~a, 0, x! 5 0 is t r iv ia l t o s o lv e a n d h a s a u n iq u e s o lu t io n

x0,

(3 ) ra~1, x! 5 f~x!, a n d

(4 ) t h e c o n n e c t e d c o m p o n e n t o f ra
21~0! c o n t a in in g ~0, x0! is b o u n d e d .

T h e n (fr o m t h e T r a n s v e r s a lit y T h e o r e m (1.2)) fo r a lm o s t a ll a { U t h e r e

e x is t s a z e r o c u r v e g o f ra, a lo n g w h ic h t h e J a c o b ia n m a t r ix Dra h a s r a n k

p, e m a n a t in g fr o m ~0, x0! a n d r e a c h in g a z e r o x# o f f a t l 5 1. T h is z e r o

c u r v e g h a s n o b ifu r c a t io n s (i.e ., g is a s m o o t h 1-m a n ifo ld ) a n d h a s fin it e

a r c le n g t h in e v e r y c o m p a c t s u b s e t o f @0,1! 3 R
p. F u r t h e r m o r e , if Df~x# ! is

n o n s in g u la r , t h e n g h a s fin it e a r c le n g t h . T h e c o m p le t e h o m o t o p y p a r a d ig m

is n o w a p p a r e n t : c o n s t r u c t t h e h o m o t o p y m a p ra a n d t h e n t r a c k it s z e r o

c u r v e g fr o m t h e k n o w n p o in t ~0, x0! t o a s o lu t io n x# a t l 5 1. ra is c a lle d a

pr o b ab ilit y -o n e h o m o t o p y b e c a u s e t h e c o n c lu s io n s h o ld a lm o s t s u r e ly w it h

r e s p e c t t o a, i.e ., w it h p r o b a b ilit y o n e . S in c e t h e v e c t o r a a n d in d ir e c t ly t h e

s t a r t in g p o in t x0 a r e e s s e n t ia lly a r b it r a r y , a n a lg o r it h m t o fo llo w t h e z e r o

c u r v e g e m a n a t in g fr o m ~0, x0! u n t il a z e r o x# o f f~x! is r e a c h e d (a t l 5 1)

is le g it im a t e ly c a lle d g lo b ally c o n v e r g e n t . N o t e t h a t t h is is m u c h s t r o n g e r

t h a n t h e “ g lo b a l c o n v e r g e n c e ” c la im e d fo r t r u s t r e g io n q u a s i-N e w t o n m e t h -

o d s , w h e r e t h e g u a r a n t e e d c o n v e r g e n c e is t o a s t a t io n a r y p o in t o f s o m e

m e r it fu n c t io n , w h ic h is n o t e v e n n e c e s s a r ily a z e r o o f f. L o c a l m e t h o d s

r e q u ir e a s s u m p t io n s s u c h a s c o n v e x it y o r m o n o t o n ic it y t o e n s u r e t h a t t h e

s t a t io n a r y p o in t is in d e e d a z e r o o f f; t h e g lo b a l c o n v e r g e n c e o f h o m o t o p y

m e t h o d s t o a t r u e z e r o h o ld s u n d e r fa r w e a k e r a s s u m p t io n s . E s s e n t ia lly ,

t h e lo c a l b e h a v io r o f f is ir r e le v a n t — o n ly t h e b e h a v io r o f f a n d ra “ in t h e

la r g e ” m a t t e r s . O n e fin a l o b s e r v a t io n is t h a t l n e e d n o t in c r e a s e m o n o t o n -

ic a lly a lo n g g, a fe a t u r e w h ic h d is t in g u is h e s h o m o t o p y fr o m c la s s ic a l

c o n t in u a t io n m e t h o d s (t h is is illu s t r a t e d b y t h e c ir c u it p r o b le m in S e c t io n

10).
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A different version of the above result, for the special case where the

hom otopy m ap ra is a sim ple convex com bination, is [W atson 19 8 6 ]

TH E O R E M 1.3. L e t F : R
p 3 R

p b e a C2 m ap s u c h th at fo r s o m e r . 0

an d r̃ . 0, F~x! an d x 2 a d o n o t po in t in o ppo s ite d ire c tio n s fo r ixi 5 r,

iai , r̃. T h e n F h as a z e ro in $x { R
p ? ixi # r%, an d fo r alm o s t all a {

R
p, iai , r̃, th e re is a z e ro c u rv e g o f

ra~l, x! 5 lF~x! 1 ~1 2 l!~x 2 a!,

alo n g w h ic h th e J ac o b ian m atrix Dra~l, x! h as fu ll ran k , e m an atin g fro m

~0, a! an d re ac h in g a z e ro x# o f F at l 5 1. Fu rth e rm o re , g h as fin ite arc

le n g th if DF~x# ! is n o n s in g u lar.

The conditions in the above ex istence theorem s are difficult to verify for

practical problem s, but less g eneral special cases (e.g ., ixi 5 r f x tF~x!

$ 0 for som e sufficiently larg e r) can often be verified in practice. F urther-

m ore, som etim es watching the behavior of diverg ent hom otopy z ero curves

can sug g est a hom otopy m ap that w ill lead to converg ence.

H O M P AC K 9 0 retains the sam e three basic curve track ing alg orithm s of

H O M P AC K : ordinary differential eq uation based, norm al flow, and q uasi-

N ewton aug m ented J acobian m atrix . The norm al flow alg orithm is usually

the m ost efficient, but there are situations where one of the other m ethods

is preferable. A sim ple, easy -to-use driver is provided for the special case

when F~x! is a poly nom ial sy stem . This driver m ak es no attem pt to find

com m on subex pressions (e.g ., if x1
3 occurs in several com ponents of F~x! it

is reevaluated each tim e) and track s the total deg ree num ber of paths,

ig noring any structure in F~x!. This is well behind the current state of the

art in poly nom ial sy stem s [M org an et al. 19 9 5 ; V erschelde and C ools 19 9 3;

V erschelde et al. 19 9 4], but developing production q uality code that ex -

ploits poly nom ial sy stem structure is a form idable task . The code in

H O M P AC K 9 0 is, however, perfectly adeq uate for sm all poly nom ial sy stem s

(with total deg ree less than 104, say ). S ince the curve track ing alg orithm s

are described in detail by W atson et al. [19 8 7 ], this article will concentrate

on the chang es and additions to the alg orithm s in H O M P AC K [W atson et

al. 19 8 7 ].

2. ORDINARY DIFFERENTIAL EQUATION-BASED ALGORITHM (DENSE

J AC OBIAN MATRIX )

D epending on the problem , the hom otopy m ap ra~l, x! m ay be g iven by

ra~l, x! 5 l~x 2 f~x!! 1 ~1 2 l!~x 2 a! (1a)

for the B rouwer fix ed point problem

x 5 f~x!, f : B 3 B, (1b)

Alg o rith m 7 7 7 : HOMP AC K 9 0 • 5 1 7
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where B , R
p is the c lo s ed u n it b a ll, o r b y

ra~l, x! 5 lF~x! 1 ~1 2 l!~x 2 a! (2a )

o r

ra~l, x! 5 lF~x! 1 ~1 2 l!G~x; a! (2b )

fo r the z ero fin d in g p ro b lem

F~x! 5 0, F : R
p
3 R

p, (2c )

where G~x;a! 5 0 is a “ s im p le” v ers io n o f F~x! 5 0. F o r ex a m p le, in a

flu id s p ro b lem , G m ig ht b e id en t ic a l t o F ex c ep t with the R ey n o ld s n u m b er

R 5 0, o r in a c irc u it p ro b lem , G m ig ht c o rres p o n d t o F with the c u rren t

g a in o f a ll the t ra n s is t o rs s et t o z ero ; o r in a s t ru c t u ra l m ec ha n ic s p ro b lem ,

G m ig ht c o rres p o n d t o F with v ery s t iff elem en t s . O ft en the m o s t effec t iv e

ho m o t o p y m a p s ra a re n o n lin ea r in l, e.g ., where l p a ra m et riz es the

g eo m et ry in a flu id s p ro b lem , o r where l 5 0 rep res en t s a s im p le t ra n s is -

t o r m o d el, o r where l 5 0 c o rres p o n d s t o s im p le m a t eria l c o n s t it u t iv e

rela t io n s . T he ro le o f the p a ra m eter v ec t o r a in the ho m o t o p y m a p s a b o v e is

c ru c ia l, n o t ju s t fo r the p ro b a b ilit y -o n e theo ry , b u t a ls o in p ra c t ic e. T hin k o f

the ra n d o m a a s p ro v id in g “ s y m m et ry b rea k in g ,” whic h a ls o ha s d es ira b le

n u m eric a l c o n s eq u en c es . N o t e tha t the d im en s io n m o f a n eed n o t eq u a l p,

a n d in d eed it m a y b e a d v a n t a g eo u s t o ha v e m .. p.

T he d et a ils fo r the fix ed p o in t , z ero fin d in g , a n d g en era l ho m o t o p y m a p

c a s es a re s im ila r, s o fo r the s a k e o f b rev it y , o n ly the z ero fin d in g p ro b lem

(2c ) with ho m o t o p y m a p (2a ) will b e p res en t ed . A s s u m in g tha t F~x! is C2, a

is s u c h tha t the J a c o b ia n m a t rix Dra~l, x! ha s fu ll ra n k a lo n g g, a n d g is

b o u n d ed , the z ero c u rv e g is C1 a n d c a n b e p a ra m et riz ed b y a rc len g th s.

T hu s we ha v e l 5 l~s! a n d x 5 x~s! a lo n g g, a n d

ra~l~s!, x~s!! 5 0 (3 )

id en t ic a lly in s. T herefo re

d

ds
ra~l~s!, x~s!! 5 Dra~l~s!, x~s!!1

dl

ds

dx

ds
2 5 0, (4 )

a n d

ISdl

ds
,

dx

ds
DI

2

5 1. (5 )
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With the initial conditions

l~0! 5 0, x~0! 5 a, ( 6 )

the z er o cu r v e g is the tr ajector y of the initial v alu e p r ob lem (4 )– (6 ). When

l~s# ! 5 1, the cor r esp onding x~s# ! is a z er o of F~x!. T hu s, all the sop histi-

cated or dinar y differ ential eq u ation techniq u es cu r r ently av ailab le can b e

b r ou g ht to b ear on the p r ob lem of tr ack ing g [S ham p ine and G or don 19 7 5 ;

Watson 19 7 9 a]. N ote that (4 ) only im p licitly defines the der iv ativ e, b u t

Watson et al. [19 8 7 ] descr ib es r ob u st nu m er ical linear alg eb r a p r ocedu r es

to deal w ith this. A nother su b tlety is that solv ing (4 )– (6 ) does not ex p licitly

enfor ce (3 ), and no m atter how g ood the O D E solv er is, the com p u ted

solu tion w ill dr ift aw ay fr om g. T his is not r eally a p r ob lem , thou g h, since a

com p u ted p oint ~l̃ , x̃! lies on som e cu r v e in the D av idenk o flow [A llg ow er

and G eor g 19 9 0], cor r esp onding to initial p oint ã (w hich can b e com p u ted

fr om ~l̃ , x̃!). T hu s r ã~l̃ , x̃! 5 0 ex actly , and the tr ajector y of r ã 5 0 is

follow ed star ting fr om ~l̃ , x̃!. T her e is a b u ndle of cu r v es ar ou nd g all

leading to the sam e solu tion p oint ~1, x# !, and it is only necessar y to stay in

this b u ndle [Watson 19 7 9 a]. T his self-cor r ecting p r op er ty of hom otop y

alg or ithm s m ak es them inher ently stab le.

O nce the hy p er p lane l 5 1 is cr ossed, the p oint ~1, x# ! on g is com p u ted

b y inter p olation fr om the O D E solv er ’s m esh p oints and a secant m ethod

r oot finding iter ation (p r ecisely , su b r ou tines I N T R P and R O O T fr om

S ham p ine and G or don [19 7 5 ]). T he O D E codes fr om S ham p ine and G or don

[19 7 5 ] u sed in H O M P A C K ar e w ell estab lished and r eliab le, so chang es

w er e confined to r ep lacing ar ithm etic I F statem ents, conv er ting lab eled

nonb lock to nonlab eled b lock D O loop s, and im p r ov ing p or tab ility b y

inser ting a U S E statem ent to access the K I N D p ar am eter for r eal v ar iab les

and u sing it in declar ations and in r eal constants.

3. NORMAL FLOW ALGORITHM (DENSE JACOBIAN MATRIX)

A s the hom otop y p ar am eter v ector a v ar ies, the cor r esp onding hom otop y

z er o cu r v e g also v ar ies. T his fam ily of z er o cu r v es, allu ded to in the

p r ev iou s section, is k now n as the D av idenk o flow [A llg ow er and G eor g

19 9 0]. T he nor m al flow alg or ithm is so called b ecau se the iter ates conv er g e

to the z er o cu r v e g along the flow nor m al to the D av idenk o flow (in an

asy m p totic sense). T he nor m al flow iter ation is essentially N ew ton’s

m ethod w ith a r ectang u lar p 3 ~p 1 1! J acob ian m atr ix , althou g h the

r ectang u lar m atr ix intr odu ces som e com p lications that m u st b e handled

w ith car e (see Watson [19 8 6 ] and Watson et al. [19 8 7 ]). A s b efor e, only the

z er o finding case need b e descr ib ed— (2 a) and (2 c) ar e the r elev ant eq u a-

tions her e.

T he nor m al flow alg or ithm has fou r p hases: p r ediction, cor r ection, step

siz e estim ation, and com p u tation of the solu tion at l 5 1 (called the “end

g am e” ). F or the p r ediction p hase, assu m e that sev er al p oints P ~1! 5~l~s1!,

Alg o rith m 7 7 7 : HOMP ACK 9 0 • 5 1 9
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x~s1!!, P ~2! 5 ~l~s2!, x~s2!! o n g w it h c o r r e s p o n d in g t a n g e n t v e c t o r s

~dl/ds~s1!, dx/ds~s1!!, ~dl/ds~s2!, dx/ds~s2!! h a v e b e e n fo u n d , a n d t h a t

h is a n e s t im a t e o f t h e o p t im a l s t e p (in a r c le n g t h ) t o t a k e a lo n g g. T h e

p r e d ic t io n o f t h e n e x t p o in t o n g is

Z~0! 5 p~s2 1 h!, ( 7 )

w h e r e p~s! is t h e H e r m it e c u b ic in t e r p o la t in g ~l~s!, x~s!! a t s1 a n d s2.

P r e c is e ly ,

p~s1! 5 ~l~s1!, x~s1!!, p9~s1! 5 ~dl/ds~s1!, dx/ds~s1!!,

p~s2! 5 ~l~s2!, x~s2!!, p9~s2! 5 ~dl/ds~s2!, dx/ds~s2!!,

a n d e a c h c o m p o n e n t o f p~s! is a p o ly n o m ia l in s o f d e g r e e le s s t h a n o r e q u a l

t o 3 .

S t a r t in g a t t h e p r e d ic t e d p o in t Z ~0!, t h e c o r r e c t o r it e r a t io n m a t h e m a t i-

c a lly is

Z~k11! 5 Z~k! 2 @Dra~Z
~k!!#†ra~Z

~k!!, k 5 0,1, . . . , ( 8 )

w h e r e @Dra~Z ~k!!#† is t h e M o o r e -P e n r o s e p s e u d o in v e r s e o f t h e p 3 ~p 11!

J a c o b ia n m a t r ix Dra. C o m p u t a t io n a lly t h e c o r r e c t o r s t e p DZ 5 Z ~k11!2

Z ~k! is t h e u n iq u e m in im u m n o r m s o lu t io n o f t h e e q u a t io n

@Dra#DZ 5 2ra. ( 9 )

S m a ll p e r t u r b a t io n s o f a p r o d u c e s m a ll c h a n g e s in t h e t r a je c t o r y g.

G e o m e t r ic a lly , t h e it e r a t e s g iv e n b y (8 ) r e t u r n t o t h e z e r o c u r v e g a lo n g t h e

flo w n o r m a l t o t h e D a v id e n k o flo w (t h e fa m ily o f t r a je c t o r ie s g fo r v a r y in g

a), h e n c e t h e n a m e “ n o r m a l flo w a lg o r it h m ” (c f. F ig u r e 1). R o b u s t a n d

a c c u r a t e n u m e r ic a l lin e a r a lg e b r a p r o c e d u r e s fo r s o lv in g (9 ) a n d fo r c o m -

p u t in g t h e k e r n e l o f @Dra# (r e q u ir e d fo r (7 )) a r e d e s c r ib e d in d e t a il b y

W a t s o n e t a l. [19 8 7 ].

W h e n t h e it e r a t io n (8 ) c o n v e r g e s , t h e fin a l it e r a t e Z ~k11! is a c c e p t e d a s

t h e n e x t p o in t o n g, a n d t h e t a n g e n t v e c t o r t o t h e in t e g r a l c u r v e t h r o u g h

Z ~k! is u s e d fo r t h e t a n g e n t — t h is s a v e s a J a c o b ia n m a t r ix e v a lu a t io n a n d

fa c t o r iz a t io n a t Z ~k11!. T h e n e x t p h a s e , s t e p s iz e e s t im a t io n , a t t e m p t s t o

b a la n c e p r o g r e s s a lo n g g w it h t h e e ffo r t e x p e n d e d o n t h e it e r a t io n (8 ) a n d

is a s o p h is t ic a t e d b le n d o f m a t h e m a t ic s , c o m p u t a t io n a l e x p e r ie n c e , a n d

m a t h e m a t ic a l s o ft w a r e p r in c ip le s . Q u a lit a t iv e ly , t h r e e d iffe r e n t m e a s u r e s

o f “ p r o g r e s s ” t o w a r d Z* 5 lim
k3`

Z ~k! a r e e m p lo y e d , a n d t h e o p t im a l s t e p

s iz e is c o m p u t e d b y c o m p a r in g t h e a c t u a l v a lu e s o f t h e m e a s u r e s w it h t h e ir

id e a l v a lu e s . T h e s e id e a l v a lu e s a r e in p u t a r g u m e n t s (s e e a r r a y S S P A R ) t o

t h e u s e r -c a lle d s u b r o u t in e s , a n d t h e ir d e fa u lt v a lu e s a r e t h e r e s u lt o f
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considerable computational experience with practical problems. This pre-

dicted optimal step siz e for the next step is adjusted to prev ent chattering ,

and to reflect the conv erg ence history and achiev able machine precision.

This phase is identical to that in H O M P A C K [W atson et al. 19 8 7 ].

The “end g ame” phase to compute the solution ~1, x# ! in the hy perplane

l 5 1, which occurs when g is track ed past l 5 1, is different from that in

H O M P A C K and is described in detail here. The end g ame of the alg orithm

starts from two points P ~1! and P ~2! such that P1
~1! , 1 and P1

~2! $ 1. Thus,

initially , the solution at l 5 1 lies somewhere between the prev ious point

P ~1! and P ~2!, i.e., P ~1! and P ~2! brack et the solution. W hen the end g ame is

first entered, P ~1! and P ~2! brack et l 5 1, and the first predicted point Z ~0!

is computed as in the orig inal normal flow alg orithm in H O M P A C K : using

the H ermite cubic interpolation and root finding . I n each subseq uent step,

the prediction Z ~k22! is g enerated by the secant method, namely ,

Z~k22! 5 P~k! 1 ~P~k21! 2 P~k!!
~1 2 P1

~k!!

~P1
~k21! 2 P1

~k!!
.

This eq uation results in a disastrous prediction when ?P1
~k21! 2 P1

~k!? ,, ?1

2 P1
~k!?, and can simply g enerate div erg ent approximations. To stabiliz e

the iteration, the last point P ~o p p ! on the opposite side of the hy perplane l

5 1 from P ~k! must alway s be sav ed to brack et the solution.

I n the case when iZ ~k22! 2 P ~k!i . iP ~k! 2 P ~o p p !i, the chord method

F ig . 1. D av idenk o flow, normal flow iterates ●, and aug mented J acobian matrix iterates E .
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Z~k22! 5 P~k! 1 ~P~o p p ! 2 P~k!!
~1 2 P1

~k!!

~P1
~o p p ! 2 P1

~k!!

is s u b s t it u t e d fo r t h e s e c a n t m e t h o d . S in c e t h e c h o r d m e t h o d h a s a s lo w e r

r a t e o f c o n v e r g e n c e , it s a p p lic a t io n is lim it e d t o t h is s p e c ia l c a s e .

T h e c o r r e c t io n is im p le m e n t e d a s a s in g le N e w t o n s t e p

P~k11! 5 Z~k22! 1 DZ~k22!,

w h e r e DZ ~k22! is t h e m in im u m n o r m s o lu t io n t o

@Dra~Z
~k22!!#DZ~k22! 5 2ra~Z

~k22!!.

P ~o p p ! is u p d a t e d a p p r o p r ia t e ly . T h is t w o -s t e p p r o c e s s (lin e a r in t e r p o la t io n

fo llo w e d b y a N e w t o n c o r r e c t io n ) is r e p e a t e d u n t il t h e s o lu t io n a t l 5 1 is

fo u n d o r a lim it o n t h e n u m b e r o f it e r a t io n s is e x c e e d e d . T h is lim it in

H O M P A C K w a s e it h e r t a k e n a s a c o n s t a n t o r a s

lim it :5 2~ 2lo g 10 ~an s ae 1 an s r e iP~2!i!  1 1!,

w h e r e an s ae a n d an s r e a r e a b s o lu t e a n d r e la t iv e e r r o r t o le r a n c e s fo r t h e

s o lu t io n x# , r e s p e c t iv e ly , s u p p lie d b y t h e u s e r . D e p e n d in g o n t h e p r o b le m

s c a le , l i m i t c a n b e n e g a t iv e , s o H O M P A C K 9 0 t a k e s t h is lim it a s

lim it :5 2~ ?lo g 10 ~an s ae 1 an s r e !? 1 1!.

T h e r e a r e n u m e r o u s p la u s ib le a lt e r n a t iv e s t o t h e e n d g a m e ju s t d e -

s c r ib e d : it e r a t e d H e r m it e c u b ic in t e r p o la t io n u s in g b r a c k e t in g p o in t s (t h e

s c h e m e in t h e H O M P A C K n o r m a l flo w a lg o r it h m ), s e v e r a l N e w t o n c o r r e c -

t io n s in s t e a d o f o n e p e r in t e r p o la t io n , p r o je c t in g e a c h N e w t o n it e r a t e a lo n g

t h e t a n g e n t d ir e c t io n o n t o t h e h y p e r p la n e l 5 1, p r o je c t in g t h e N e w t o n

it e r a t e o r t h o g o n a lly o n t o l 5 1, a n d s im p ly s c a lin g t h e N e w t o n it e r a t e t o

lie in l 5 1. A ll o f t h e s e a n d o t h e r s c h e m e s h a v e b e e n t r ie d , b u t t h e

s c h e m e d e s c r ib e d a b o v e is t h e b e s t o v e r a ll [S o s o n k in a e t a l. 19 9 6 ].

T h e n o r m a l flo w a lg o r it h m fo r d e n s e J a c o b ia n m a t r ic e s in H O M P A C K 9 0

is id e n t ic a l t o t h a t in H O M P A C K , e x c e p t fo r t h e e n d g a m e a n d a fe w o t h e r

m in o r im p r o v e m e n t s lik e t h e it e r a t io n lim it m e n t io n e d a b o v e . T h is n e w e n d

g a m e is e s s e n t ia lly t h e s a m e a s t h e e n d g a m e u s e d fo r t h e a u g m e n t e d

J a c o b ia n m a t r ix a lg o r it h m in H O M P A C K . P s e u d o c o d e is g iv e n fo r a ll t h e

a lg o r it h m s , in c lu d in g t h e e n d g a m e s , b y W a t s o n e t a l. [19 8 7 ], a n d s o n e e d

n o t b e r e p e a t e d h e r e , s in c e t h e m o d ific a t io n s a r e o b v io u s . A ll o f t h e n o r m a l

flo w s u b r o u t in e s w e r e r e w r it t e n in F o r t r a n 9 0 , a n d s o m e L I N P A C K [D o n -

g a r r a e t a l. 19 7 9 ] s u b r o u t in e s w e r e r e p la c e d b y L A P A C K [A n d e r s o n e t a l.

19 9 5 ] r o u t in e s . T h e c h a n g e s in c lu d e e x t e n s iv e u s e o f a r r a y s e c t io n s a n d

in t r in s ic s , n a m e d b lo c k D O a n d C A S E c o n s t r u c t s , o p t io n a l a r g u m e n t s ,

in t e r fa c e b lo c k s , a u t o m a t ic a n d a s s u m e d -s h a p e a r r a y s , a n d m o d u le s , r e -
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sulting in code that is more elegant, easier to read, and has much simpler

user interfaces.

4. AUGMENTED (DENSE) JACOBIAN MATRIX ALGORITHM

T he q uasi-N ew ton augmented J acob ian matrix algorithm is inspired b y

R heinb oldt and B urk ardt [19 8 3 ], b ut differs in sev eral important respects:

(1) a H ermite cub ic rather than a linear predictor is used,

(2) a tangent v ector rather than a standard b asis v ector is used to augment

the J acob ian matrix of the homotopy map,

(3 ) updated Q R factoriz ations and q uasi-N ew ton updates are used rather

than N ew ton’s method,

(4 ) different step siz e control, necessitated b y the use of q uasi-N ew ton

iterations, is used, and

(5 ) a different scheme for locating the target point at l 5 1 is used, w hich

allow s the J acob ian matrix of F to b e singular at the solution x# ,

prov ided rank Dra~1, x# ! 5 p.

L ik e the normal flow algorithm, the q uasi-N ew ton augmented J acob ian

matrix algorithm has four distinct phases: prediction, correction, step siz e

estimation, and computation of the solution at l 5 1. A gain, only the z ero

finding case is describ ed here. T he goal is to minimiz e the numb er of

J acob ian matrix ev aluations, and to use (rather complicated) step siz e

control and q uasi-N ew ton updates to achiev e that goal. T his scheme, w hen

properly tuned, can b e spectacularly efficient (in terms of numb er of

J acob ian matrix ev aluations) compared to the normal flow and O D E -b ased

algorithms. H ow ev er, it can also b e erratic, and is not as rob ust w ithout

fine tuning as the other tw o algorithms [B illups 19 8 5 ]. T his q uasi-N ew ton

augmented J acob ian matrix algorithm is b est reserv ed for situations w here

J acob ian matrix ev aluation is at a premium, and some fine tuning of

track ing parameters is acceptab le.

T he prediction phase is ex actly the same as in the normal flow algorithm.

S tarting w ith the points P ~1! 5 ~l~s1!, x~s1!!, P ~2! 5 ~l~s2!, x~s2!! on g

w ith corresponding tangent v ectors

T~1! 5 1
dl

ds
~s1!

dx

ds
~s1! 2, T~2! 5 1

dl

ds
~s2!

dx

ds
~s2! 2,

the prediction Z ~0! of the nex t point on g is giv en b y (7 ). I t is assumed that

P ~1! and P ~2! are close enough together so that the inner product T ~1!
z T ~2!

. 0.
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Starting with the predicted point Z
~0!, the correction is perform ed b y a

q u as i-N ewton iteration defined b y

Z
~k11! 5 Z

~k! 2 FA
~k!

T
~2!tG

21Sra~Z
~k!!

0
D, k 5 0,1, . . . , (10)

where A
~k! is a q u as i-N ewton approx im ation to the J acob ian m atrix

Dra~Z ~k!!. T he las t row of the m atrix in (10) ins u res that the iterates lie in

a hy perplane perpendicu lar to the tangent v ector T
~2! (cf. F igu re 1). I t is the

au gm entation of the J acob ian m atrix with this additional row which

m otiv ates the nam e “au gm ented J acob ian m atrix algorithm .” D etails for

s olv ing (10) and u pdating the au gm ented J acob ian m atrix approx im ation

are prov ided b y W ats on et al. [19 8 7 ], and s u ch q u as i-N ewton u pdates are

analy z ed b y W alk er and W ats on [19 9 0].

T he s tep s iz e es tim ation algorithm , an adaptation of that b y R heinb oldt

and B u rk ardt [19 8 3 ], is deriv ed from cu rv atu re es tim ates and em pirical

conv ergence data. T he goal in es tim ating the optim al s tep s iz e is to k eep

the error in the prediction iZ
~0! 2 Z

~*!i relativ ely cons tant, s o that the

nu m b er of iterations req u ired b y the corrector will b e s tab le ~Z ~*! 5

lim
k3`

Z
~k!!. A s with the norm al flow algorithm , additional refinem ents on

the optim al s tep s iz e are m ade in order to prev ent chattering and u nrea-

s onab le v alu es .

T he final phas e of the algorithm , com pu tation of the s olu tion at l 5 1, is

a com b ination of the chord m ethod, the s ecant m ethod, and q u as i-N ewton

corrector iterations (10). T he details are v ery s im ilar to, b u t not identical

to, thos e for the norm al flow algorithm end gam e. A ll fou r phas es of the

q u as i-N ewton au gm ented J acob ian m atrix algorithm in H O M P A C K 9 0 are

identical to thos e of the au gm ented J acob ian m atrix algorithm in H O M -

P A C K , for which ps eu docode is giv en b y W ats on et al. [19 8 7 ]. T he only

differences in the new v ers ion are a few m inor im prov em ents in conv er-

gence criteria, m ore elegant argu m ent lis ts , and m u ch im prov ed code

readab ility , owing to F ortran 9 0 featu res s u ch as array s ections and

intrins ics , nam ed b lock D O and C A SE cons tru cts , optional argu m ents ,

interface b lock s , au tom atic and as s u m ed s hape array s , and m odu les .

5. ORDINARY DIFFERENTIAL EQUATION-BASED ALGORITHM (SPARSE

J AC OBIAN MATRIX )

T he s pars e m atrix codes in H O M P A C K 9 0 are a m ajor u pgrade to thos e in

H O M P A C K . H O M P A C K was pu rpos ely des igned s o that the linear algeb ra

s u b rou tines cou ld b e eas ily replaced with others of the u s ers ’ choos ing, and

that in fact has b een done (for the s pars e codes ) m ore often than not with

s pars e direct factoriz ation m ethods [M elv ille et al. 19 9 3 a; 19 9 3 b ]. T he goals

of the pres ent s pars e m atrix work are (1) to prov ide s pars e iterativ e linear

52 4 • L. T. W a ts o n e t a l.

A C M T rans actions on M athem atical Software, V ol. 23 , N o. 4 , D ecem b er 19 9 7 .



algebra algorithms that are good enough and general enough to suffice for

most users and (2 ) simultaneously maintain a clean interface to the sp arse

linear algebra subroutines so that they can be easily rep laced w ith sp arse

direct factoriz ation or sp arse iterativ e algorithms. T he only sp arse matrix

data structure sup p orted by H O M P A C K w as the p ack ed sk y line format,

and the iterativ e linear sy stem solv er w as C raig’s method [C raig 1 9 5 4 ] for

nonsy mmetric matrices, using G ill-M urray p reconditioning [G ill and M ur-

ray 1 9 7 4 ]. T he target ap p lication for that code w as structural mechanics,

w here the eq uilibrium eq uations hav e the form

r~x, l! 5 F~x! 2 lv 5 0 ,

and the tangent stiffness matrix Dxr~x, l! 5 DF~x!, being the H essian of

a p otential energy function, is sy mmetric. B ut homotop y methods inv olv e

Dr~x, l!, and ultimately nonsy mmetric and sy mmetric indefinite matrices,

so classical iterativ e methods designed for sy mmetric, p ositiv e definite

matrices are not ap p licable.

H ow ev er, there is a w ide class of ap p lication areas (besides structural

mechanics) for w hich Dxr~x, l! is sy mmetric, and a p ack ed sk y line storage

format for Dxr is ap p rop riate. T herefore the p ack ed sk y line format for

sy mmetric J acobian matrices is retained as an op tion in H O M P A C K 9 0 .

A nother op tion in H O M P A C K 9 0 is a v ery general sp arse row storage

format, intended for arbitrary sp arsity p atterns. B oth of these sp arse

matrix storage formats are discussed in detail below .

B esides G ill-M urray p reconditioning (for sy mmetric matrices stored in

p ack ed sk y line format), H O M P A C K 9 0 offers an incomp lete L U factoriz a-

tion (technically k now n as I L U (0 )) as a p reconditioner for the sp arse row

storage format. B oth of these p reconditioners are described below . P recon-

ditioning strategies are an activ e research top ic, and certainly p recondi-

tioners other than the tw o in H O M P A C K 9 0 may be better for some

p roblems, but these tw o should suffice for most ap p lications.

5.1 Packed Skyline Storage Format

F or sp arse p roblems it is conv enient to w rite the homotop y map as

ra~x, l!

w ith the order of the arguments rev ersed (this is an internal matter to

H O M P A C K 9 0 and causes no confusion at the user interface, since the user

only sp ecifies DF~x! in the fix ed p oint and z ero finding cases). T he

assump tion here is that the matrix Dxra~x, l!is sy mmetric and sp arse w ith

a “sk y line” structure, such as
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1
●1 ●3

● ●2 ●5 ●11 ●16

● ●4 ●7 ●10 ●15 ●31

● ●6 ●9 ●14 ●30

● ● ● ●8 ●13 ●29

● ● ● ● ●12 ●18 ●28

● ●17 ●20 ●23 ●27

● ●19 ●22 ●26

● ● ●21 ●25

● ● ● ● ● ● ● ●24

2.

T h e p a c k e d s k y lin e fo r m a t c o n s is t s o f a r e a l a r r a y a n d a n in t e g e r a r r a y .

T h e u p p e r t r ia n g le is s t o r e d in a o n e -d im e n s io n a l r e a l a r r a y in d e x e d a s

s h o w n a b o v e . T h e a u x ilia r y in t e g e r a r r a y (1, 2, 4, 6, 8, 12, 17, 19, 21, 24, 32)

o f d ia g o n a l in d ic e s is a ls o r e q u ir e d . B y c o n v e n t io n t h e a u x ilia r y in t e g e r

a r r a y h a s le n g t h p 1 1 w it h t h e ~p 1 1!s t e le m e n t c o n t a in in g t h e le n g t h

o f t h e p a c k e d r e a l a r r a y p lu s o n e . Dlra~x, l! is p r o v id e d a s a s e p a r a t e

c o lu m n v e c t o r . I n t e r n a lly H O M P A C K 90 m a y a u g m e n t Dxra w it h a r o w a n d

c o lu m n , a ls o s t o r e d in s k y lin e fo r m a t (d e p e n d in g o n t h e p r o b le m ), b u t t h e s e

d e t a ils a r e t r a n s p a r e n t t o t h e u s e r .

I n m o s t a p p lic a t io n s w h e r e Dxra is s y m m e t r ic , it is a ls o a lo w r a n k

m o d ific a t io n o f a p o s it iv e d e fin it e m a t r ix . T h e s e p r o p e r t ie s , e x a c t ly a s b y

W a t s o n e t a l. [1987], a r e e x p lo it e d b y m a t r ix s p lit t in g a n d u s in g a G ill-

M u r r a y fa c t o r iz a t io n [G ill a n d M u r r a y 1974] a s a p r e c o n d it io n in g m a t r ix .

R e c a ll t h a t fo r t h e O D E -b a s e d a lg o r it h m , a ll t h a t is r e q u ir e d is t h e k e r n e l

o f t h e m a t r ix Dra~x, l!. L e t ~x, l# ! b e a p o in t o n t h e z e r o c u r v e g, a n d y# b e

t h e u n it t a n g e n t v e c t o r t o g a t ~x, l# ! in t h e d ir e c t io n o f in c r e a s in g a r c

le n g t h s. L e t ?y# k? 5 m a x
i
?y# i?. T h e n t h e m a t r ix

A 5 F Dra~x, l!

ek
t G (11)

w h e r e ek is a v e c t o r w it h 1 in t h e kt h c o m p o n e n t a n d z e r o s e ls e w h e r e is

in v e r t ib le a t ~x, l# ! a n d in a n e ig h b o r h o o d o f ~x, l# ! b y c o n t in u it y . T h u s t h e

k e r n e l o f Dra c a n b e fo u n d b y s o lv in g t h e lin e a r s y s t e m o f e q u a t io n s

Ay 5 y#kep11 5 b. (12)

L e t Q b e a n y n o n s in g u la r m a t r ix . T h e s o lu t io n t o t h e s y s t e m Ay 5 b c a n

b e c a lc u la t e d b y s o lv in g t h e s y s t e m

B y 5 ~Q21A!y 5 Q21b 5 g. (13)

T h e u s e o f s u c h a m a t r ix is k n o w n a s (le ft ) p r e c o n d it io n in g . S in c e t h e g o a l

o f u s in g p r e c o n d it io n in g is t o d e c r e a s e t h e c o m p u t a t io n a l e ffo r t n e e d e d t o
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solve the original system, Q shou ld b e some ap p rox imation to A. T hen

Q21A w ou ld b e c lose to the id entity matrix , and the iterative method

d esc rib ed later w ou ld c onverge more rap id ly w hen ap p lied to (13 ) than

w hen ap p lied to (12 ). I n p rac tic e B and g are never ex p lic itly formed . R ight

p rec ond itioning has the form

Bz 5 ~AQ21!z 5 A~Q21z! 5 Ay 5 b, (14 )

w here the final step is to c omp u te y 5 Q21z. H O M P A C K 9 0 u ses right

p rec ond itioning b ec au se that is w hat the G M R E S c od e [S aad 19 9 6 ; W alk er

19 8 8 ] on w hic h the H O M P A C K 9 0 c od e is b ased u ses; H O M P A C K u sed left

p rec ond itioning in c onju nc tion w ith C raig’s c onju gate grad ient method to

solve (12 ) [W atson et al. 19 8 7 ].

T he c oeffic ient matrix A in the linear system of eq u ations (12 ), w hose

solu tion y yield s the k ernel of Dra~x# , l# !, has a very sp ec ial stru c tu re w hic h

c an b e ex p loited if (12 ) is attac k ed ind irec tly as follow s. N ote that the

lead ing p 3 p su b matrix of A is Dxra, w hic h is symmetric and sp arse, b u t

p ossib ly ind efinite. W rite

A 5 M 1 L (15 )

w here

M 5 F Dxra~x# , l# ! c

ct d
G,

and

L 5 uep11
t , u 5 S Dlra~x# , l# ! 2 c

0
D.

T he c hoic e of ek
t as the last row of A to mak e A invertib le is somew hat

arb itrary, and in fac t any vec tor ~c t, d! ou tsid e a set of measu re z ero (a

hyp erp lane) c ou ld have b een c hosen. O ther c hoic es for the last row of A
have b een thorou ghly stu d ied [I rani et al. 19 9 1]. T hu s for almost all vec tors

c the first p c olu mns of M are ind ep end ent, and similarly almost all ~p 1

1!-vec tors are ind ep end ent of the first p c olu mns of M. T herefore for almost

all vec tors ~c t, d! b oth A and M are invertib le. A ssu me that ~c t, d! is so

c hosen.

U sing the S herman-M orrison formu la (L is rank one), the solu tion y to

the original system Ay 5 b c an b e ob tained from

y 5 FI 2
M21uep11

t

~M21u!tep11 1 1
GM21b, (16 )

w hic h req u ires the solu tion of tw o linear systems w ith the sp arse, symmet-

ric , invertib le matrix M. I t is the systems Mz 5 u and Mz 5 b w hic h are
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solved by a new preconditioned adaptive GMRES(k) alg orith m , described in

a later section.

T h e only rem aining detail is th e ch oice of th e preconditioning m atrix Q.

Q is tak en as th e m odified C h olesk y decom position of M, as described by

Gill and Mu rray [19 7 4]. I f M is positive definite and well conditioned, Q

5 M. O th erwise, Q is a well-conditioned positive definite approx im ation to

M. T h e u se of a positive definite Q is reasonable if Dxra~x, l! is positive

definite or differs from a positive definite m atrix by a low rank pertu rba-

tion. T h e Gill-Mu rray factoriz ation alg orith m can ex ploit th e sym m etry and

sparse sk yline stru ctu re of M, wh ich is th e point of th is entire sch em e.

5.2 Sparse Row Storage Format

T h e sparse row storag e form at is intended for arbitrary sparsity patterns,

and stores only th e stru ctu ral nonz eros of DF ~x! or Dra (i.e., elem ents th at

h appen to be z ero by accident sh ou ld be treated as nonz ero). T h e data

stru ctu re for A in (11) consists of th ree arrays: a real one-dim ensional

array q h olding only th e stru ctu ral nonz ero elem ents of A stored by row in

row order (th e elem ents with in a row need not be in colu m n order), an

integ er array r with r i g iving th e location with in q of th e beg inning of th e

elem ents for th e ith row, and an integ er array c with c j g iving th e colu m n

index of th e jth elem ent of q. B y convention, th e diag onal elem ents of A are

always stru ctu rally nonz ero (for invertible A th ere always ex ists a perm u -

tation m atrix P su ch th at PA h as no z eros on th e diag onal), and rp12 is th e

leng th of q plu s one. F or ex am ple, th e data stru ctu re for

A 5 3
4 0 0 2 0

7 1 0 0 0

0 0 3 0 6

2 0 0 1 0

0 1 0 0 5

4
is (h ere p 5 4)

q 5 ~4, 2, 7 , 1, 3 , 0, 6 , 1, 2, 1, 5 !,

r 5 ~1, 3 , 5 , 8 , 10, 12!,

c 5 ~1, 4, 1, 2, 3 , 4, 5 , 4, 1, 2, 5 !.

T h e z ero in location (3 ,4) is stored to illu strate a stru ctu ral nonz eo, q and c

h ave th e sam e dim ension, and rp12 5 dim q 1 1 5 12.

Since Dxra~x, l! is u nstru ctu red, th ere is no advantag e to splitting as in

(15 ), so th at is not done. A lso differing from th e previou s section, th e last

row ~c t, d! of A in (11) is not ju st ek
t , bu t u ses d Þ 0 as ou tlined by I rani et
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al. [1991]. The kernel of Dra is c om p u t ed b y s olv ing the rig ht p rec ond i-

t ioned s y s t em (14 ), w here

A 5 F Dxra~x, l! Dxra~x, l!

ct d
G, (17 )

~c t, d! is c hos en to g u arantee that A is inv ert ib le [I rani et al. 1991], Q in

(14 ) is an I L U fac t oriz at ion of A, and the it erat iv e linear s y s t em s olv er is a

new ad ap t iv e G M R E S (k) alg orithm d es c rib ed b elow .

S inc e I L U p rec ond it ioning w as not u s ed in H O M P A C K , a p rec is e d es c rip -

t ion is g iv en here. L et N 5 p 1 1 and Z b e a s et of ind ic es c ontained in

$~i, j! ? 1 # i, j # N, i Þ j%, t y p ic ally w here A is know n to b e z ero. The

inc om p lete L U fac t oriz at ion is g iv en b y Q 5 LU, w here L and U are low er

t riang u lar and u nit u p p er t riang u lar m at ric es , res p ec t iv ely , that s at is fy

5
Lij 5 Uij 5 0, ~i, j! { Z,

Qij 5 Aij, ~i, j! {/ Z, i Þ j,

Qii 5 Aii, w henev er p os s ib le.

The inc om p lete L U fac t oriz at ion alg orithm is :

for i 5 1 s t e p 1 u n t i l N d o

for j 5 1 s t e p 1 u n t i l N d o

if ~~i, j! {/ Z! t h e n
b e g i n

s ij 5 A ij 2 O
t51

m in$i, j%21

L itU tj;

if ~i $ j! t h e n L ij 5 s ij e ls e U ij 5 s ij / L ii;
e n d

I t c an hap p en that L ii is z ero in this alg orithm . I n this c as e L ii is s et t o a

s m all p os it iv e nu m b er, s o that Q ii Þ A ii.

5.3 Adaptive GMRES(k) Alg o rith m

A m ong all the K ry lov s u b s p ac e m ethod s for s olv ing a linear s y s t em Ax 5

b w ith a nons y m m et ric inv ert ib le c oeffic ient m at rix A, the s tab iliz ed

b i-c onju g ate g rad ient alg orithm (B iC G S TA B ) [v an d er V ors t 1992], the

g eneraliz ed m inim al res id u al alg orithm (G M R E S ) [S aad and S c hu lt z 198 6 ],

and the q u as i-m inim al res id u al alg orithm (Q M R ) [F reu nd and N ac ht ig al

1991] are c ons id ered the m os t rob u s t [M c Q u ain et al. 1994 ]. S im ilar to the

c las s ic al c onju g ate g rad ient m ethod , G M R E S p rod u c es ap p rox im ate s olu -

t ions xk w hic h are c harac t eriz ed b y a m inim iz at ion p rop ert y ov er the

K ry lov s u b s p ac es s p an {r0, Ar0, A2r0, . . . , A ~k21!ro}, w here r0 5 b 2Ax0

and k is the it erat ion nu m b er. H ow ev er, u nlike the c onju g ate g rad ient

alg orithm , the w ork and m em ory req u ired b y G M R E S g row p rop ort ionately
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to the iteration number. In practice, the restarted version GMRES(k) is

used, w here the alg orithm is restarted every k iterations until the residual

norm is small enoug h. T he restarted version may stag nate and never reach

the solution.

Q MR reduces the computational effort by using a short-term recursion

for building the L ancz os basis. A n implementation of Q MR based on the

look ahead L ancz os process avoids the break dow ns associated w ith L ancz os-

ty pe alg orithms [F reund and N achtig al 1 9 9 0]. H ow ever, a Q MR iterate

does not minimiz e the residual over the current K ry lov subspace, w hich

results in more iterations than unrestarted GMRES and perhaps GMRES(

k) as w ell (that may or may not tak e more time than GMRES(k)). T he Q MR

alg orithm may also behave erratically .

T he essence of the adaptive GMRES strateg y proposed here is to adapt

the parameter k to the problem, similar in spirit to how a variable order

O D E alg orithm tunes the order k. W ith F ortran 9 0, w hich provides point-

ers and dy namic memory manag ement, dealing w ith the variable storag e

req uirements implied by vary ing k is not too difficult. k can be both

increased and decreased— an increase-only strateg y is described below .

T houg h GMRES(k) cannot break dow n, it can stag nate. A test of stag na-

tion developed by Sosonk ina et al. [1 9 9 7 ] detects an insufficient residual

norm reduction in the restart number (k) of steps. P recisely , GMRES(k) is

declared to have stag nated and the iteration is aborted if at the rate of

prog ress over the last restart cy cle of steps, the residual norm tolerance

cannot be met in some larg e multiple (bg v ) of the remaining number of

steps allow ed (i t ma x is a bound on the number of steps permitted). Slow

prog ress (near-stag nation) of GMRES(k), w hich sig nals an increase in the

restart value k, may be detected w ith a similar test. T he near-stag nation

test uses a different, smaller multiple (s mv ) of the remaining allow ed

number of steps. If near-stag nation occurs, the restart value k is incre-

mented by some value m, and the s a me restart cy cle continues. Restarting

w ould mean repeating the nonproductive iterations that previously re-

sulted in stag nation, at least in the case of complete stag nation (no residual

reduction at all). Such incrementing is used w henever needed if the restart

value k is less than some max imum value kma x . W hen the max imum value

for k is reached, adaptive GMRES(k) proceeds as GMRES(kma x ). T he

values of the parameters s mv , bg v , and m are established ex perimentally

and can remain unchang ed for most problems.

L et u be the machine unit roundoff, e j be the jth standard basis vector,

and all norms the 2 -norm. T he rounding error of a sparse matrix -vector

multiplication depends on only the nonz ero entries in each row of the

sparse matrix , so the error tolerance x t o l is proportional to the averag e

number of nonz eros per row a v n z 5 ~number of nonz eros in A ! / p. Since

GMRES converg ence is normally measured by reduction in the initial

residual norm, the converg ence tolerance is t o l 5 max $ir0i, ibi%x t o l .
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Pseudocode for an adaptive version of GMRES(k) w ith orth og onaliz ation

via H ouseh older reflections (see W alk er [19 8 8 ]), called A GMRES(k) b y

Sosonk ina et al. [19 9 7 ], follow s.

choose x, i t ma x, kma x, m;

r :5 b 2 A x; i t n o :5 0; c n ma x :5 1 / ~5 0u!;

xt o l :5 m ax $100.0,1.01a vn z %u; t o l :5 m ax $iri, ibi%xt o l ;

w hile iri . t o l d o
b eg i n

r o l d :5 r;

determ ine th e H ouseh older reflection P1

such th at P1r 5 6 irie1;

k1 5 1; k2 5 k;

L 1: for j :5 k1 st ep 1 un t i l k2 d o
b eg i n

i t n o :5 i t n o 1 1;

v :5 P j· · ·P1A P1· · ·P je j;

determ ine P j11 such th at P j11v h as z ero com ponents

after th e ~j 1 1!st;

update iri as describ ed b y Saad [19 9 6 ];

com pute increm ental condition num b er estim ate I C N ;

i f I C N . c n ma x t hen ab ort;

i f iri % t o l t hen g ot o L 2
en d

t es t :5 k2 3 log @t o l / iri# / log @iri / ~~1.0 1 10u!ir o l d i!#;
i f k2 % kma x 2 m a n d t es t ^ s mv 3 ~i t ma x 2 i t n o ! t hen

k1 :5 k2 1 1; k2 :5 k2 1 m;
g ot o L 1

en d i f

L 2: e1 :5 ~1,0, · · ·, 0!T; k :5 k2;

solve m in
y

i irie1 2 H# jyi for y j w h ere H# j

is describ ed b y Saad [19 9 6 ];

q :5 S y j

0
D ;

x :5 x 1 P1· · ·P jq; r :5 b 2 A x;

i f iri % t o l t hen ex it;

i f ir o l d i , iri t hen

i f iri , t o l 2/3 t hen
ex it

else
ab ort

en d i f
en d i f
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test :5 k 3 lo g @to l / iri# / lo g @iri / ~~1 .0 1 1 0 u!ir o l d i!#;

i f test ^ b g v 3 ~i tm a x 2 i tn o ! t h e n

a b o r t
e n d i f

e n d

A p o s s ib le s y m p t o m o f A G M R E S ~k! g o in g a s t r a y is a n in c r e a s e in t h e

r e s id u a l n o r m b e t w e e n r e s t a r t s (t h e r e s id u a l n o r m is c o m p u t e d b y d ir e c t

e v a lu a t io n a t e a c h r e s t a r t ). I f t h e r e s id u a l n o r m o n t h e p r e v io u s r e s t a r t is

a c t u a lly s m a lle r t h a n t h e c u r r e n t r e s id u a l n o r m , t h e n A G M R E S (k) t e r m i-

n a t e s . T h e s o lu t io n is c o n s id e r e d a c c e p t a b le if iri , to l 2 /3 , a lt h o u g h t h is

lo s s o f a c c u r a c y in t h e t a n g e n t v e c t o r o r c o r r e c t o r s t e p m a y c a u s e H O M -

P A C K 9 0 t o fa il. U s u a lly H O M P A C K 9 0 c a n d e a l g r a c e fu lly w it h a lo s s o f

a c c u r a c y in t h e lin e a r s y s t e m s o lu t io n s . I f iri ^ to l 2 /3 , A G M R E S ~k! is

d e e m e d t o h a v e fa ile d . I n t h is la t t e r c a s e , t h e c o n t in u a t io n o f G M R E S ~k!

w o u ld t y p ic a lly r e s u lt in r e a c h in g a lim it o n t h e n u m b e r o f it e r a t io n s

a llo w e d a n d a p o s s ib le r e p e t it io n o f ir o l d i , iri in la t e r r e s t a r t s .

A G M R E S ~k! m a y e x c e e d a n it e r a t io n lim it w h e n it is a ffe c t e d b y r o u n d o ff

e r r o r s in t h e c a s e o f a (n e a r ly ) s in g u la r G M R E S le a s t -s q u a r e s p r o b le m . A s

in t h e w o r k o f B r o w n a n d W a lk e r [1 9 9 7 ], t h e c o n d it io n n u m b e r o f t h e

G M R E S le a s t -s q u a r e s p r o b le m is m o n it o r e d b y a n in c r e m e n t a l c o n d it io n

e s t im a t e I C N [B is c h o f a n d T a n g 1 9 9 1 ], a n d A G M R E S ~k! a b o r t s w h e n t h e

e s t im a t e d c o n d it io n n u m b e r is g r e a t e r t h a n 1 /(5 0 u).

T h e u s e o f H o u s e h o ld e r r e fle c t io n s r a t h e r t h a n t h e m o r e s t a n d a r d

m o d ifie d G r a m -S c h m id t p r o c e s s is a s u b t le c o n s e q u e n c e o f t h e w e ll-e s t a b -

lis h e d n e e d fo r h ig h a c c u r a c y in t h e c o n t e x t o f h o m o t o p y z e r o c u r v e

t r a c k in g . A d e t a ile d d is c u s s io n o f t h is is s u e a n d r e s u lt s o f n u m e r ic a l

e x p e r im e n t s a r e in t h e w o r k o f S o s o n k in a e t a l. [1 9 9 7 ], w h e r e t h e a lg o r it h m

A G M R E S ~k! is a ls o t e s t e d o n r e a lis t ic la r g e -s c a le p r o b le m s in a n a lo g

c ir c u it s im u la t io n (u s in g t h e s p a r s e r o w s t o r a g e fo r m a t a n d I L U p r e c o n d i-

t io n in g ) a n d s t r u c t u r a l m e c h a n ic s (u s in g t h e p a c k e d s k y lin e s t o r a g e fo r m a t

a n d G ill-M u r r a y p r e c o n d it io n in g ).

5.4 Sparse ODE-Based Curve Tracking

F o r s p a r s e J a c o b ia n m a t r ic e s , t h e lo g ic o f t r a c k in g t h e z e r o c u r v e g is

e x a c t ly t h e s a m e a s t h a t fo r t h e d e n s e J a c o b ia n m a t r ix c a s e . T h e o n ly

d iffe r e n c e is in t h e lin e a r a lg e b r a fo r t h e k e r n e l c a lc u la t io n a n d t h e

c o n c o m it a n t d a t a s t r u c t u r e s , w h ic h a r e s u b s t a n t ia lly m o r e c o m p lic a t e d fo r

t h e s p a r s e J a c o b ia n m a t r ix c a s e . O n e s ig n ific a n t in n o v a t io n in H O M -

P A C K 9 0 is t h a t s t o r a g e s p a c e fo r t e m p o r a r y w o r k a r r a y s a n d fo r t h e s p a r s e

J a c o b ia n m a t r ix d a t a s t r u c t u r e it s e lf is d y n a m ic a lly a llo c a t e d . T h e s p a r s e

J a c o b ia n m a t r ix is m a d e a v a ila b le g lo b a lly v ia t h e MODULE HOMOTOPY
r a t h e r t h a n t h r o u g h s u b r o u t in e c a ll lis t s , w h ic h is a m a jo r c h a n g e fr o m t h e

o r g a n iz a t io n in H O M P A C K . T h e lo w le v e l d e t a ils o f t h is m e m o r y m a n a g e -

m e n t a r e b e s t le ft t o t h e c o d e , w h e r e t h e y a r e t h o r o u g h ly d o c u m e n t e d .
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6. NORMAL FLOW ALGORITHM (SPARSE JACOBIAN MATRIX)

The logic of the predictor, corrector, step size estimation, and end game

phases of this algorithm is identical to that of the normal flow algorithm for

dense J acob ian matrices. S imilar to the ordinary differential eq u ation

b ased algorithm, the difference b etw een the dense and sparse J acob ian

matrix cases is the low lev el nu merical linear algeb ra. The main linear

algeb ra prob lem is the solu tion of (9 ), w hich also inv olv es the calcu lation of

the k ernel of Dra~x, l!. E q u ation (9 ) is solv ed u sing the same sparse

matrix data stru ctu res, matrix splitting (if appropriate), preconditioning

matrices, and adaptiv e G M R E S (k) iterativ e algorithm u sed for the sparse

ordinary differential eq u ation b ased algorithm (E q s. (11)– (17 )). F or effi-

ciency , the k ernel and N ew ton step DZ are calcu lated together b y solv ing

F Dxra~x, l! Dlra~x, l!

ct d
G @v w# 5 F 0 2ra~x, l!

y#k 0
G (18 )

at points ~x, l! near ~x# , l# ! on g, u sing the u nit tangent v ector y# to g at

~x# , l# ! in the direction of increasing arc length s. The N ew ton step DZ is

recov ered from v and w in the u su al w ay [W atson et al. 19 8 7 ].

7 . AU GMENTED (SPARSE) JACOBIAN MATRIX ALGORITHM

The au gmented J acob ian matrix algorithm for sparse J acob ian matrices

differs from that for dense J acob ian matrices in three respects: (1) lik e the

sparse O D E b ased and normal flow algorithms, the low lev el nu merical

linear algeb ra is changed to tak e adv antage of the sparsity and stru ctu re of

the J acob ian matrices; (2) q u asi-N ew ton iterations are ab andoned in fav or

of pu re N ew ton iterations; (3 ) R heinb oldt’s step size control [R heinb oldt

and B u rk ardt 19 8 3 ] is implemented more faithfu lly b ecau se of the u se of

N ew ton iterations. E x cept for these three changes, the logic for track ing

the zero cu rv e g is ex actly the same as that in the algorithm for dense

J acob ian matrices.

The k ernel of Dra at the point P ~2!, needed for the u nit tangent v ector T ~2!

to g at P ~2!, w hich in tu rn is req u ired for the prediction (7 ), is compu ted

from

F Dra~P
~2!!

T~1!t G z 5 1
0
·
·
·
0

1
2. (19 )

Then T ~2! 5 z/izi; note that T ~2! au tomatically points in the direction of

increasing arc length s b ecau se T ~1!tz 5 1 . 0. I nstead of the q u asi-

N ew ton approx imation
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F A
~k!

T
~2!t G

u s e d in (1 0), t h e c o r r e c t o r s t e p s DZ
~k! a r e o b t a in e d fr o m

FDra~Z
~k!!

T
~2!t GDZ

~k! 5 S 2 ra~Z
~k!!

0
D. (20)

N o t e t h a t a ll t h e it e r a t e s Z
~k! lie in t h e h y p e r p la n e t h r o u g h t h e in it ia l

p r e d ic t io n Z
~0! a n d p e r p e n d ic u la r t o T

~2!— t h is is e s s e n t ia lly t h e w e ll-k n o w n

R ik s -W e m p n e r m e t h o d u s e d in m e c h a n ic s .

T h e s p a r s e lin e a r a lg e b r a fo r t h e t h r e e c u r v e t r a c k in g a lg o r it h m s — O D E

b a s e d , n o r m a l flo w , a u g m e n t e d J a c o b ia n m a t r ix — is s lig h t ly d iffe r e n t . T h e

O D E b a s e d a lg o r it h m o n ly n e e d s t h e k e r n e l o f Dra~x, l!, a n d t h u s t h e la s t

r o w ~c t
d! in (1 1 ) o r (1 7 ) c a n b e (a lm o s t ) a n y t h in g . T h e n o r m a l flo w

a lg o r it h m n e e d s b o t h k e r n e ls a n d N e w t o n c o r r e c t io n s , b u t a g a in t h is la s t

r o w ~c t
d! in (1 8 ) c a n b e (a lm o s t ) a n y t h in g . T h e a u g m e n t e d J a c o b ia n

m a t r ix a lg o r it h m a ls o n e e d s b o t h k e r n e ls a n d N e w t o n c o r r e c t io n s , b u t t h e

la s t r o w in (1 9 ) a n d (20) is (b y d e fin it io n ) a t a n g e n t v e c t o r . H O M P A C K h a d

t h r e e s e p a r a t e s u b r o u t in e s : P C G D S , P C G N S , a n d P C G Q S — o n e fo r e a c h

c u r v e t r a c k in g m e t h o d a n d c o r r e s p o n d in g c h o ic e o f ~c t
d!. H O M P A C K 9 0 is

o r g a n iz e d r a t h e r d iffe r e n t ly — e s s e n t ia lly t h e s a m e s p a r s e lin e a r s y s t e m is

s o lv e d in a ll t h r e e c a s e s , w it h t h e v a r ia b ilit y c o m in g fr o m t h e s t o r a g e

fo r m a t a n d p r e c o n d it io n e r u s e d . F o r e x a m p le , (20) is a c t u a lly s o lv e d b y

s o lv in g (1 8 ), a n d t h e n r e c o v e r in g t h e d e s ir e d N e w t o n s t e p DZ v ia

DZ 5 w 2
w z T

~2!

v z T
~2!

v. (21 )

T h is n o t o n ly r e s u lt s in fe w e r s u b r o u t in e s in H O M P A C K 9 0, b u t is a ls o

m o r e e ffic ie n t fo r t h e it e r a t iv e lin e a r s y s t e m s o lv e r s in c e t h e r o w ~c t
d!

a c t u a lly u s e d h a s a t m o s t t w o n o n z e r o s , c o m p a r e d t o t h e g e n e r a lly fu ll r o w

T
~2!t.

T h e r a t io n a le fo r u s e o f N e w t o n it e r a t io n s r a t h e r t h a n q u a s i-N e w t o n

it e r a t io n s is s im ila r t o t h a t fo r H O M P A C K ; n a m e ly , t h e r e is s t ill n o g o o d

(c o m p a r a b le t o B r o y d e n o r B F G S ) s p a r s e q u a s i-N e w t o n u p d a t e fo r m u la .

T h e c o m m e n t s b y W a t s o n e t a l. [1 9 8 7 ] o n t h e e ffic a c y o f d e fe r r e d u p d a t in g

a n d o t h e r p o s s ib ilit ie s s t ill a p p ly . T h e e ffe c t o f u s in g N e w t o n ’s m e t h o d in

t h e a lg o r it h m is t o r e p la c e e v e r y q u a s i-N e w t o n u p d a t e w it h t h e c a lc u la t io n

o f t h e e x a c t a u g m e n t e d J a c o b ia n m a t r ix .

T h e fin a l c h a n g e fo r t h e s p a r s e m a t r ix a lg o r it h m is a n e n h a n c e m e n t t o

t h e s t e p s iz e c o n t r o l, a llo w e d b y t h e u s e o f N e w t o n it e r a t io n s . T h e e n h a n c e -

m e n t in v o lv e s im p le m e n t in g a m o r e s o p h is t ic a t e d c o n t r o l o v e r t h e id e a l

s t a r t in g e r r o r , d e s c r ib e d in d e t a il b y W a t s o n e t a l. [1 9 8 7 ]. E x c e p t fo r t h e

s p a r s e n u m e r ic a l lin e a r a lg e b r a , a ll t h e c u r v e t r a c k in g lo g ic o f t h e a u g -
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mented sparse Jacobian matrix algorithm in HOMPACK90 is identical to

that of the corresponding algorithm in HOMPACK. A final observ ation is

that this algorithm is more robu st than the q u asi-N ew ton v ersion for dense

matrices, becau se occasionally large steps produ ce v ery bad q u asi-N ew ton

approximations A ~k! to Dra~Z ~k!!, leading to erratic behav ior.

8. POLYNOMIAL SYSTEMS

T his section describes the POL S Y S 1H driv er for finding all complex solu -

tions to poly nomial sy stems w ith real coefficients. A sy stem of n poly nomial

eq u ations in n u nk now ns,

Fi~x! 5 O
j51

ni

@pijP
k51

n

xk
dijk# 5 0, i 5 1, . . . , n, ( 2 2 )

may hav e many solu tions. Precisely , let

di 5 max
1#j#ni

1#k#n

dijk

be the de g r e e of the ith poly nomial fu nction F i~x!, and define the t o tal

de g r e e of the sy stem F~x! as

d 5 d1· · ·dn.

Assu me that (2 2 ) has finitely many solu tions (this is tru e generically , i.e.,

for almost all coefficients p ij). T hen (2 2 ) has exactly d solu tions, cou nting

mu ltiplicities, in complex projectiv e space P
n. d is called the 1 -h o m o g e -

ne o u s B e z o u t nu m b e r of the sy stem F~x!. W atson et al. [198 7 ] contains a

concise description of complex projectiv e space P
n, how (2 2 ) is interpreted

ov er P
n, and references to the algebraic geometry literatu re.

I t is possible to define a homotopy map so that all geometrically isolated

solu tions of (2 2 ) hav e at least one associated homotopy path. G enerally ,

(2 2 ) w ill hav e solu tions at infinity , w hich forces some of the homotopy

paths to div erge to infinity as l approaches 1. How ev er, (2 2 ) can be

transformed into a new sy stem (referred to as the pr o je c tiv e t r ans fo r m atio n

o f F~x! 5 0 by W atson et al. [198 7 ]) w hich, u nder reasonable hy potheses,

can be prov en to hav e no solu tions at infinity and thu s bou nded homotopy

paths. B ecau se real problems are often poorly scaled, POL S Y S 1H inclu des

a general scaling algorithm (su brou tine S CL G N P) that scales both the

coefficients and the v ariables. POL S Y S 1H u ses an inpu t “ tableau ” of

coefficients and related parameters to define the poly nomial sy stem. T his

tableau is u sed to generate fu nction and partial deriv ativ e v alu es (su brou -

tine F F U N P). T he u ser need not code any su brou tine or F ortran 90 modu le

to be called by POL S Y S 1H.
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Although the POLSYS1H homotopy map is defined in complex or complex

projectiv e space, the code POLSYS1H does not use complex computer

arithmetic. Since the homotopy map is complex analytic, the homotopy

parameter l is monotonically increasing as a function of arc length [G arcia

and Z angw ill 19 7 9 ]. T he existence of an infinite numb er of solutions or an

infinite numb er of solutions at infinity does not destab iliz e the method.

Some paths w ill conv erge to the higher dimensional solution components,

and these paths w ill b ehav e the w ay paths conv erging to any singular

solution b ehav e. Practical applications usually seek a sub set of the real

solutions, rather than all complex projectiv e solutions. How ev er, the sort of

generic homotopy algorithm considered here must find all solutions (w ith

respect to the closed algeb raic space ov er w hich F~x! is b eing considered)

and cannot b e limited w ithout, in essence, changing it into a heuristic. T he

theory of polynomial systems, algeb raic geometry, is a deep and rich

sub ject, far b eyond the scope of this discussion.

T he parameters n, n i, p ij, d ijk defined in (2 2 ) constitute the c o e ffic ie nt

ta b le a u . T he sub routine SC LG N P uses this tab leau to generate scale

factors for the coefficients p ij and the v ariab les xk, and the sub routine

F F U N P uses it to compute system and J acob ian matrix v alues for

POLSYS1H. T his has the adv antage of b eing v ery general, b ut the disad-

v antage of usually b eing less efficient than a hand-crafted F F U N P. I f C PU

time is an issue, the user may modify F F U N P to reduce the amount of

repeated computation inherent in its generic form. T he projectiv e transfor-

mation functions essentially as a scaling transformation, w hose effect is to

shorten arc lengths and b ring solutions closer to the unit sphere. T he

SC LG N P scaling is different, in that it directly addresses extreme v alues in

the system coefficients. T he tw o scaling schemes w ork w ell together. T he

scaling and projectiv e transformation algorithms in POLSYS1H are identi-

cal to those of POLSYS in HOM PAC K , w hich are describ ed in detail b y

W atson et al. [19 8 7 ]. Although the mathematical algorithms for

POLSYS1H are the same as for POLSYS, the code POLSYS1H is signifi-

cantly different from the code POLSYS in HOM PAC K , mainly b ecause

POLSYS1H tak es full adv antage of F ortran 9 0 features such as automatic

arrays, array sections, and array intrinsics.

POLSYS1H is constructed so that the user can ev ok e the projectiv e

transformation or not and ev ok e scaling or not. I f either of these options is

selected, it is transparent to the user; the solutions are returned untrans-

formed and unscaled. T he input to POLSYS1H is the coefficient tab leau

and a few parameters for the path track ing algorithm (normal flow ) used b y

POLSYS1H. POLSYS1H has a parameter N U M R R (numb er of reruns) so

that 10 0 0 * N U M R R steps w ill b e tak en b efore a path is ab andoned.

E xperience on industrial prob lems argues for the use of b oth the projectiv e

transformation and scaling on most prob lems.

T he 1-homogeneous code POLSYS1H is perfectly adeq uate for small

prob lems, b eing routinely used for d , 10 4. I n practice, only a handful of

these d solutions are real and/or physically meaningful, and as n increases,
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computing the total degree number of solutions quickly becomes impracti-

cal (e.g., 2 0 cubic equations w ould hav e d 5 3 2 0 ' 3.5 z 109 solutions).

W hile the most pow erful and practical approaches still compute many

nonphysical complex solutions, recent theoretical adv ances such as

m-homogeneity, B K K theory, and product decompositions hav e enormously

reduced the number of ex traneous solutions that must be computed. T hese

theories are complicated, and their implementation in user-friendly, ro-

bust, portable softw are w ith such capabilities as automatic differentiation

and sophisticated error control is a major undertaking. T he essence of all

these adv anced theories is to “ factor out” large numbers of nonphysical

solutions by ex ploiting the structure of F. F or ex ample, the

m-homogeneous approach [M organ and S ommese 198 7 ; 198 9] partitions

the v ariables xk into m groups, w here the ith group has k i v ariables, k1

1 · · · 1 km 5 n. F~x! 5 0 is then conv erted into a system F9~x! 5 0
that is homogeneous w ith respect to the v ariables in e a c h group, and is

v iew ed as a polynomial system ov er P
k1 3 · · · 3 P

km. T he number of

solutions ov er P
k1 3 · · · 3 P

km, called the m-h o mo g e ne o u s B e z o u t nu mb e r ,

may be orders of magnitude less than the total degree d (the 1-homoge-

neous B ez out number). M any applications hav e a natural m-homogeneous

structure. M any others do not.

M uch more complicated structure is ex ploited by the combinatorial B K K

theory [V erschelde and C ools 1993; V erschelde et al. 1994 ] and general

product decompositions [M organ et al. 1995 ]. T he B K K combinatorial

computation flounders on larger problems, and the product decomposition

of M organ et al. [1995 ] is more of an approach to ex ploiting structure than

an algorithm, and probably cannot be implemented in its full generality

into computer code. N ev ertheless, there are schemes betw een

m-homogeneous and the general product decomposition that are probably

implementable, and subsume all m-homogeneous formulations. A polyno-

mial system code implementing some restricted form of product decomposi-

tion is planned for a future release of H O M P A C K 90.

9. ORGANIZATIONAL DETAILS

P hysically, the H O M P A C K 90 package consists of four modules (H O M O -

T O P Y , H O M P A C K 90, H O M P A C K 90_ G L O B A L , R E A L _ P R E C I S I O N ) and a

large collection of ex ternal subroutines. A n object-oriented description of

these components is giv en in later subsections. T here are other useful and

logical w ays to v iew the organiz ation of the H O M P A C K 90 package; some of

these logical v iew points are described nex t.

H O M P A C K 90 can be logically v iew ed as being organiz ed in tw o different

w ays: by algorithm/problem type and by subroutine lev el. T here are three

lev els of subroutines. T he top lev el consists of driv ers, one for each problem

type and algorithm type. N ormally these driv ers are called by the user, and

the user need know nothing beyond them. T hey allocate storage for the

low er lev el routines, and all the arrays are v ariable dimension. S o there is

Alg o rith m 7 7 7 : H OM P AC K 90 • 5 3 7

A C M T ransactions on M athematical S oftw are, V ol. 2 3, N o. 4 , D ecember 1997 .



no limit on problem size. The second subroutine level implements the major

components of the alg orithms such as stepping along the homotopy zero

curve, computing tang ents, and the end g ame for the solution at l 5 1. A

sophisticated user mig ht call these routines or their reverse call versions

(described below ) directly to have complete control of the alg orithm, or for

some other task such as track ing an arbitrary parametrized curve over an

arbitrary parameter rang e. The third subroutine level handles hig h level

numerical linear alg ebra such as Q R factorization, and includes some

L A P A C K and B L A S routines [A nderson et al. 19 9 5 ]. L ow level linear

alg ebra (B L A S ) is mostly done directly w ith F ortran 9 0 sy ntax or array

intrinsics. A ll the hig h level linear alg ebra and sparse matrix data struc-

ture handling are concentrated in these third-level routines, so a user could

incorporate his or her ow n data structures by w riting his or her ow n

versions of these third-level routines. A lso, by utilizing F ortran 9 0 array

intrinsics and by concentrating the hig her level linear alg ebra in subrou-

tines, H O M P A C K 9 0 can be easily adapted to a vector or parallel computer.

The org anization of H O M P A C K 9 0 by alg orithm/problem ty pe is show n in

Table I , w hich lists the driver name for each alg orithm and problem ty pe.

The naming convention is

FIXP5
D

N

Q
6H F

S
J,

w here

—D ' ordinary differential eq uation based alg orithm,

—N ' normal flow alg orithm,

—Q ' q uasi-N ew ton aug mented J acobian matrix alg orithm,

—F ' dense J acobian matrix , and

—S ' sparse J acobian matrix .

The natural g rouping of the H O M P A C K 9 0 routines into the three subrou-

tine levels described above, and a list of the B L A S and L A P A C K routines

used, is provided in the R E A D M E file w ith the source code.

Table I . Tax onomy of H omotopy S ubroutines

x 5 f~x! F~x! 5 0 r~a, l, x! 5 0

A lg orithmD ense S parse D ense S parse D ense S parse

F I X P D F F I X P D S F I X P D F F I X P D S F I X P D F F I X P D S O D E based

F I X P N F F I X P N S F I X P N F F I X P N S F I X P N F F I X P N S normal flow

F I X P Q F F I X P Q S F I X P Q F F I X P Q S F I X P Q F F I X P Q S aug mented J acobian matrix
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The user-written subroutines, of which exactly two must be supplied

depending on the driv er chosen, are F , F J A C , F J A C S , R H O , R H O A ,

R H O J A C , and R H O J S , whose interfaces are specified in the module H O -

M O TO P Y . The module R E A L _ P R E C I S I O N specifies the real numeric

model with

S E L E C TE D _ R E A L _ K I N D ~1 3 !,

which will result in 6 4 -bit real arithmetic on a C ray, D E C V A X , and I E E E

7 5 4 S tandard compliant hardware.

9.1 Driver for Polynomial Systems

The special-purpose polynomial system solv er P O L S Y S 1 H , for which the

underlying mathematical theory was described earlier, is essentially a hig h

lev el interface to the driv er F I X P N F in the M O D U L E H O M P A C K 9 0 .

P O L S Y S 1 H req uires special v ersions of R H O and R H O J A C (subroutines

normally prov ided by the user). These special v ersions are included in the

template file distributed with H O M P A C K 9 0 , so for a polynomial system the

user need only call P O L S Y S 1 H , and define the problem directly to

P O L S Y S 1 H by specifying the polynomial coefficients. P O L S Y S 1 H scales

and computes partial deriv ativ es on its own. Thus the user interface to

P O L S Y S 1 H and H O M P A C K 9 0 is clean and simple. The only cav eat is that

F F U N P , which builds the polynomial system F and its J acobian matrix D F

from the coefficient tableau, cannot recog niz e patterns of repeated expres-

sions in the polynomial system, and so may be less efficient than a

hand-crafted v ersion. I f g reat efficiency is req uired, the user can modify the

default F F U N P ; the sections in the code which must be chang ed are clearly

mark ed. The subroutine lev el g rouping is:

[P O L S Y S 1 H ] [F I X P N F , R O O TN F , S TE P N F , TA N G N F ]
[D G E Q P F , D G E Q R F , D O R M Q R , D I V P , F F U N P , G F U N P , H F U N P ,
H F U N 1 P , I N I TP , M U L P , O TP U TP , P O W P , R H O , R H O J A C , R O O T,
S C L G N P , S TR P TP ]

9.2 M od u les H O M O T O PY , H O M PA C K 90 , H O M PA C K 90 _ G L O B A L , and

R E A L _ PR E C ISIO N

The user-written subroutines— two of F , F J A C , F J A C S , R H O , R H O A ,

R H O J A C , R H O J S — are external subroutines, whose interfaces are pro-

v ided to H O M P A C K 9 0 v ia the F ortran 9 0 module H O M O TO P Y . S ince these

interfaces are fixed, none of H O M P A C K 9 0 needs to be recompiled when the

user subroutines F , F J A C , etc., or modules used therein chang e. The

user-written subroutines can use modules to pass g lobal information be-

tween the main prog ram calling H O M P A C K 9 0 and these user-written

subroutines called by H O M P A C K 9 0 , without using C O M M O N or req uiring

extra work arrays P A R , I P A R in the arg ument lists of H O M P A C K 9 0

subroutines just to filter information down to F , F J A C , etc. (A ll the

H O M P A C K driv ers prov ided arrays P A R and I P A R of arbitrary siz e which
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were passed all the way down to F, FJAC, etc. The old polynomial system

code P O L S Y S made ex tensiv e u se of these arrays.) M odu les prov ide an

effectiv e mechanism for data hiding , and hu g e collections of analysis codes

can b e hidden as P R I V ATE internal su b rou tines within modu les u sed b y

the su b rou tines F, FJAC, etc. A template file for F, FJAC, FJACS , R H O ,

R H O A, R H O JAC, and R H O JS is prov ided with the H O M P ACK 9 0 distrib u -

tion, intended as a starting point for the u ser’s su b rou tines defining the

prob lem to b e solv ed. N ote that sk eletons for all of the su b rou tines among

F, FJAC, FJACS , R H O , R H O A, R H O JAC, R H O JS not actu ally u sed mu st

b e prov ided, since they are referenced b y H O M P ACK 9 0 . The three sample

main prog rams prov ided for v erifying the installation also offer ex amples of

F, FJAC, etc.

The modu le H O M P ACK 9 0 _ G L O B AL , u sed b y the modu le H O M O TO P Y ,

prov ides the repository for the sparse Jacob ian matrix data stru ctu res,

which are allocated and deallocated b y the hig h lev el H O M P ACK 9 0 sparse

rou tines. FJACS and R H O JS , as written b y the u ser, simply assu me that

the sparse matrix data stru ctu res ex ist and fill them with data when

called. O nly two pieces of information ab ou t the data stru ctu res are g iv en

to the driv ers FI X P D S , FI X P N S , or FI X P Q S : the type of sparse matrix

storag e (integ er M O D E ) and an u pper b ou nd L E N Q R on the nu mb er of

nonz eros in the Jacob ian matrices. There are other eq u ally eleg ant org ani-

z ational schemes, b u t this one req u ires no dynamic memory manag ement

b y the u ser at all.

The new nu meric model and env ironmental inq u iry fu nctions of Fortran

9 0 are fu lly u tiliz ed in H O M P ACK 9 0 . All real v ariab les and constants in

H O M P ACK 9 0 hav e a K I N D declared in the modu le R E AL _ P R E CI S I O N

(the defau lt is 6 4 -b it arithmetic), which mu st b e modified for a different

nu meric model. D ou b le-precision B L AS and L AP ACK rou tines are called b y

H O M P ACK 9 0 .

The modu le H O M O TO P Y u ses the modu les R E AL _ P R E CI S I O N and

H O M P ACK 9 0 _ G L O B AL , and contains interfaces for the ex ternal su b rou -

tines F, FJAC, FJACS , R H O , R H O A, R H O JAC, and R H O JS . These u ser-

written su b rou tines mu st conform to their interfaces; note especially the

u se of assu med shape arrays. The modu le H O M O TO P Y is u sed throu g hou t

H O M P ACK 9 0 to prov ide g lob al information and define interfaces with the

u ser’s su b rou tines F, FJAC, etc. The reason for pu tting only the interfaces

to F, FJAC, etc., in H O M O TO P Y rather than the rou tines themselv es is

that, in the latter case, mu ch of H O M P ACK 9 0 wou ld hav e had to b e

recompiled ev ery time the prob lem definition code in the modu le H O M O -

TO P Y chang ed.

All of the driv ers and their docu mentation (as comment statements) are

encapsu lated in a sing le M O D U L E H O M P ACK 9 0 . The u ser’s calling pro-

g ram wou ld then simply contain a statement lik e

USE HOMPACK90, ONLY : FIXPNF

The hierarchy of the modu les, in compilation order, is R E AL _ P R E CI S I O N ,

H O M P ACK 9 0 _ G L O B AL , H O M O TO P Y , H O M P ACK 9 0 . P hysically, H O M -
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PACK90 consists of four modules and external subroutines; everything can

be comp iled once, the external subroutines k ep t in an object library, and

the modules k ep t in a module library.

9.3 Usage Details

As mentioned above, the user only needs to deal w ith the M O D U L E

H O M PACK90, typ ically by selecting one of the drivers from that module

w ith a U S E statement. D escrip tions of the argument lists, mathematical

assump tions concerning ap p rop riate use, calling trees, and sp ecifications

for the user-w ritten subroutines are given as comments in the drivers in

the M O D U L E H O M PACK90. T hree samp le main p rograms— M AI N F ,

M AI N S , M AI N P— illustrate typ ical usage of the drivers for dense, sp arse,

and p olynomial systems, resp ectively. T he sp ecial versions of R H O and

R H O J AC req uired by PO L S Y S 1 H should be extracted verbatim from either

the comments in M O D U L E H O M O T O PY or the temp late file. I nstallation

and testing information is contained in a R E AD M E file.

9.4 R ev erse C all S u b ro u tin es

M any scientific p rogrammers p refer the reverse call p aradigm, w hereby a

subroutine returns to the calling p rogram w henever the subroutine needs

certain information (e.g., a function value) or a certain op eration p erformed

(e.g., a matrix-vector multip ly). H ow ever, many users of mathematical

softw are are unfamiliar w ith reverse call; it is not the consensus p reference

of comp uter scientists, and most of its advantages are obviated by the

features of F ortran 90. T hus H O M PACK90 retains the forw ard calling

(functional p rogramming) style, but for unusual circumstances and some

users’ p reference, tw o reverse call subroutines (S T E PN X , R O O T N X ) are

p rovided for “exp ert” users.

T he O D E -based (D ), normal flow (N ), and q uasi-N ew ton augmented

J acobian matrix (Q ) step p ing routines p rovide comp lete algorithmic “ cover-

age,” but the D and Q routines are rarely used in p ractice, because the N

routines are usually (but not alw ays!) more efficient. W hether the J acobian

matrix is sp arse or dense is irrelevant to a reverse call step p ing routine, if

the exp ert user is handling all matrix storage details and p roviding all

linear algebra op erations. H ence only one exp ert reverse call step p ing

routine, S T E PN X , is needed. S T E PN X is a reverse call step p ing subroutine,

designed to be used in lieu of any of the six standard (forw ard call) step p ing

routines S T E PD F , S T E PN F , S T E PQ F , S T E PD S , S T E PN S , or S T E PQ S

(refer to the subroutine group ing in the R E AD M E file and the comments in

the subroutines themselves). S T E PN X returns to the caller for all linear

algebra all function and derivative values, and can deal gracefully w ith

situations such as the function being undefined at the req uested step

length.

R O O T N X p rovides an exp ert reverse call end game routine. R O O T N X

has the same p rotocol as S T E PN X , and generaliz es the routines R O O T N F ,

R O O T N S , R O O T Q F by finding a p oint on the z ero curve w here g~l, x! 5
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0, a s o p p o s e d t o ju s t t h e p o in t w h e r e l 5 1. T h u s R O O T N X c a n fin d

t u r n in g p o in t s , b ifu r c a t io n p o in t s , a n d o t h e r “ s p e c ia l” p o in t s a lo n g t h e z e r o

c u r v e . T h e c o m b in a t io n o f S T E P N X a n d R O O T N X p r o v id e s c o n s id e r a b le

fle x ib ilit y fo r a n e x p e r t u s e r . T h e r o o t fin d in g a lg o r it h m in R O O T N X is t h e

e n d g a m e d e s c r ib e d b y S o s o n k in a e t a l. [19 9 6 ], g e n e r a liz e d t o t h e s it u a t io n

g~l, x! 5 0.

10. TESTING

W a t s o n e t a l. [19 8 7 ] g iv e r e s u lt s fo r H O M P A C K a p p lie d t o s o m e d iffic u lt

c o n c o c t e d t e s t p r o b le m s , s o m e m e n t io n o f t h e r a n g e o f p r o b le m s in s c ie n c e

a n d e n g in e e r in g t o w h ic h H O M P A C K h a s b e e n a p p lie d , a n d c a v e a t s a b o u t

t h e u s e o f g lo b a lly c o n v e r g e n t h o m o t o p y m e t h o d s a n d H O M P A C K . A ll o f

t h o s e c o m m e n t s a p p ly e q u a lly w e ll t o H O M P A C K 9 0, a n d H O M P A C K 9 0

s h o w s o n ly m in o r d iffe r e n c e s fr o m H O M P A C K (fo r t h e c o m p u t e d a r c le n g t h

a n d n u m b e r o f J a c o b ia n m a t r ix e v a lu a t io n s ) o n a ll t h o s e t e s t p r o b le m s ; s e e

T a b le I I fo r t im in g c o m p a r is o n s b e t w e e n H O M P A C K a n d H O M P A C K 9 0.

T h e e x p o n e n t ia l t e s t p r o b le m o f W a t s o n e t a l. [19 8 7 ] d e s e r v e s s p e c ia l

m e n t io n , b e c a u s e n u m e r o u s p a p e r s h a v e r e p o r t e d a lo w e r n u m b e r o f

fu n c t io n e v a lu a t io n s a lo n g g t h a n H O M P A C K , b u t w it h a n in c o r r e c t a r c

le n g t h . T h o s e “ s u p e r io r ” r e s u lt s a r e o b t a in e d b y m is s in g a lo o p in g,

la n d in g b y a c c id e n t o n a n o t h e r lo o p in g, a n d u lt im a t e ly (a g a in b y a c c id e n t )

t r a c k in g a p ie c e o f g t o a s o lu t io n . A r e c e n t s u r v e y o f e n g in e e r in g a p p lic a -

t io n s is b y W a t s o n [19 9 0], w it h s o m e r e c e n t s ig n ific a n t a p p lic a t io n s b e in g

t h e w o r k o f R a k o w s k a e t a l. [19 9 1] a n d M e lv ille e t a l. [19 9 3 a ; 19 9 3 b ].

P O L S Y S 1H a n d t h e n e w e n d g a m e w e r e e x t e n s iv e ly t e s t e d b y S o s o n k in a e t

a l. [19 9 6 ], a n d r e s u lt s fo r t h e a d a p t iv e G M R E S (k) a lg o r it h m o n t h r e e

c la s s e s o f p r o b le m s w e r e r e p o r t e d b y S o s o n k in a e t a l. [19 9 7 ]. T h e a fo r e m e n -

t io n e d r e fe r e n c e s s h o w t h e s u p e r io r p e r fo r m a n c e o f H O M P A C K 9 0 c o m -

p a r e d t o H O M P A C K , a n d t h e c ir c u it p r o b le m d e s c r ib e d b e lo w c o u ld n o t

h a v e b e e n s o lv e d a t a ll w it h t h e s p a r s e r o u t in e s in H O M P A C K .

A n in t e r e s t in g t e s t o f t h e a d a p t iv e G M R E S (k) a lg o r it h m is p r o v id e d b y

t h e p r o b le m o f c o m p u t in g t h e o p e r a t in g p o in t s o f a b a n d g a p v o lt a g e

r e fe r e n c e c ir c u it w it h 2 8 t r a n s is t o r s , fa b r ic a t e d w it h a n in -h o u s e b ip o la r

p r o c e s s a t A T & T B e ll L a b o r a t o r ie s . A s o p h is t ic a t e d t r a n s is t o r m o d e l r e -

s u lt s in n 5 19 8 u n k n o w n s . U s in g t h e v a r ia b le g a in h o m o t o p y m a p

d e s c r ib e d b y M e lv ille e t a l. [19 9 3 a ] a n d s e a r c h in g fo r m u lt ip le s o lu t io n s

w it h t h e p r o g r a m Sframe fr o m M e lv ille e t a l. [19 9 3 b ] r e s u lt in t h e

h o m o t o p y z e r o c u r v e s h o w n in F ig u r e 2 . N o t e t h e v e r y s h a r p t u r n s in t h e

T a b le I I . T im in g C o m p a r is o n s b e t w e e n H O M P A C K a n d H O M P A C K 9 0

D im e n s io n n 5 0 100 15 0 2 00 2 5 0

F o r t r a n 7 7 T im e 0.3 5 0(4 1) 3 .2 0(5 5 ) 10.1(5 4 ) 2 4 .6 (5 6 ) 5 6 .4 (6 6 )

[0.008 5 4 ] [.05 8 18 ] [0.18 7 04 ] [0.4 3 9 2 9 ] [0.8 5 4 5 5 ]

F o r t r a n 9 0 T im e 0.5 4 3 (4 5 ) 3 .5 3 (5 3 ) 12 .6 (6 4 ) 2 7 .4 (6 1) 5 0.9 (5 9 )

[0.012 07 ] [0.06 6 6 0] [0.19 6 8 7 ] [0.4 4 9 18 ] [0.8 6 2 7 1]
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zero curve g, a t t rib ut a b le t o t h e b eh a vior of t ra n s is t ors in t h e circuit .

R eord erin g t h e un k n ow n s s o t h a t t h e J a cob ia n m a t rix (9 0 0 n on zeros ) is a s

n ea rly d ia g on a lly d om in a n t a s p os s ib le res ult s in t h e I L U p recon d it ion er in

H O M P A C K 9 0 b ein g rea s on a b ly effect ive.

F ig ure 3 s h ow s t h e p erform a n ce of t h e a d a p t ive G M R E S (k) a lg orit h m on

on e of t h e J a cob ia n m a t rices (m a rk ed b y t h e circle in F ig ure 2 ) a lon g g,

w h ere a circle in d ica t es a n in crea s e in t h e s ub s p a ce d im en s ion (k 5 8

in it ia lly ). T h e a d a p t ive s t ra t eg y is in vok ed for t h e firs t t im e ra t h er ea r-

ly — t o jum p off t h e n ea r-s t a g n a t ion “ p la t ea u” a ft er t h e 4 0 t h it era t ion . T h e

s ub s p a ce d im en s ion is in crea s ed s evera l m ore t im es un t il A G M R E S (k) h a s

en oug h vectors (3 2 ) t o s olve t h e s y s t em w it h in t h e it era t ion lim it . N ot e t h a t

a s m a ller it era t ion lim it (I T M A X , s et in s ub rout in e P C G D S ) t h a n t h e

H O M P A C K 9 0 d efa ult w ould h a ve ca us ed A G M R E S (k) t o in crea s e t h e

F ig . 2 . S ect ion of h om otop y zero curve for b a n d g a p volt a g e referen ce circuit .

F ig . 3 . R es id ua l n orm b eh a vior for a d a p t ive G M R E S a lg orit h m .

Algorithm 777: HOMPACK90 • 5 4 3

A C M T ra n s a ct ion s on M a t h em a t ica l S oft w a re, V ol. 2 3 , N o. 4 , D ecem b er 1 9 9 7 .



subspace dimension quicker, thus reducing the number of iterations, but at

a considerably greater cost per iteration.

W ith current compiler technology , there can be a significant performance

penalty for choosing F ortran 9 0 ov er F ortran 7 7 . T he data in T able II are

for the F ortran 7 7 v ersion of subroutine F IX P N F from H O M P AC K and the

F ortran 9 0 v ersion of subroutine F IX P N F from H O M P AC K 9 0, applied to

the z ero finding problem for B row n’s function, using starting point a 5 0,

curv e tracking tolerances 0.5 z 1 026, final accuracy tolerances 1 .0 z 1 021 0,

and all H O M P AC K (9 0) parameters at their default v alues. T he compiler

used w as D E C D igital F ortran 2 .1 w ith option -fpe3 , and the C P U times

(av erage of 1 0 runs) reported in T able II are in seconds on a D E C

AlphaS tation 2 00 4 /2 3 3 . T here are algorithmic differences betw een the tw o

v ersions of F IX P N F , but the b e t t e r algorithms are in the F ortran 9 0

v ersion. T he numbers in parentheses after the C P U times are the numbers

of J acobian matrix ev aluations— these differ because the end games for

F IX P N F in H O M P AC K and H O M P AC K 9 0 differ, w ith the new end game

being more robust but occasionally more ex pensiv e. T he numbers in brack-

ets are seconds per J acobian matrix ev aluation, show ing that a perfor-

mance penalty for using F ortran 9 0 ex ists, but decreases w ith increasing n.

F IX P N F does not use pointers. Allocatable array s are allocated and deallo-

cated just once (by the driv er F IX P N F ), and automatic array s are created

only once. S o the time difference is probably due to the ov erhead associated

w ith assumed-shape array s and w ith array section operations.

T he performance differences show n in T able II are ty pical for nonlinear

equations w hose solution cost is dominated by linear algebra and data

mov ement. P roblems dominated by the function ev aluation cost, such as

discretiz ations of boundary v alue problems w ith complicated coefficients,

take essentially the same amount of time w ith H O M P AC K 9 0 as w ith

H O M P AC K . F or sparse problems, the dy namic memory allocation required

by the new adaptiv e G M R E S algorithm is not possible in F ortran 7 7 . E v en

for dense problems, despite an occasional performance penalty , there are

compelling reasons to use F ortran 9 0: significantly shorter and more

elegant argument lists, rigorous argument array siz e checking (a common

source of user errors), and interfaces to user-w ritten subroutines that

prev ent argument ty pe mismatches.
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